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EXCITATION OF PRIMARY OSCILLATIONS
IN MICROMECHANICAL VIBRATORY GYROSCOPES

Mathematical models of an electrostatic comb-drive actuator used in many micro-electromechanical systems
and primary oscillations excitation system for micromechanical vibratory gyroscopes are developed and studied in
the paper. A simple approximate mathematical model is presented for the capacitances and electrostatic forces
operating in interdigitated microstructures, which led to the formulation of the optimal excitation system operation
modes. Based on the analysis of the non-linear capacities, design recommendations for the comb-drive structure were
formulated. Obtained model allows the analysis of not only linear but also non-linear phenomena in the physics of
such structures. Presented mathematical model is simple enough to be used instead of time-consuming numerical
simulations as well as for the further improvements of micromechanical sensors performances.
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Introduction

Micromechanical resonators have been extensively
developed in the last decade for sensor applications in
mechanical, chemical, physical, and biological areas.
One such sensor is the Coriolis vibratory gyroscope
(CVG), which often is referred to as micromechanical
gyroscope [1] with respect to its most commonly used
fabrication technology and the resulting size. Relatively
recently this type of inertial sensors received significant
attention from the developers of different kinds of
guided munitions due to its low-cost and high
survivability, which is essential for the combat systems.
For example, micromechanical gyroscopes are
commonly accepted as the best choice for the cannon
launched rockets used in modern tanks. From this
prospective, further improvements of micromechanical
gyroscopes performances is viewed to be necessary and
highly requested problem in the industry. One way to
improve performances of CVG is to increase efficiency
and provide more stable operation of its primary
oscillation excitation system, since these oscillations are
then modulated with the measured angular rate [2].

Micromechanical gyroscopes, as well as many of
the modern micro-electromechanical systems (MEMS),
use interdigitated microstructures both as an actuating
and sensing component. Photograph of the typical
interdigitated microstructure, which is part of the
micromechanical gyroscope excitation system, is shown
in Figure 1.

Sometimes such interdigitated microstructures are
referred to as electrostatic comb-drive, which was first
demonstrated by Tang et al. [3, 4]. Rigorous theory of
the comb-drive was developed for the electrostatic
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forces operating on this actuator with and without the
presence of a ground plane by Johnson and Warne [5].

Fig. 1. Comb-drive of micromechanical gyroscope

However, currently developed theories of the
interdigitated microstructures that enable the analysis of
non-linear effects are quite complicated. As a result,
designers of MEMS still have the tendency to use
numerical finite element method (FEM) simulations in
order to model micro-systems with electrostatic comb-
drives. Despite increased computational capabilities of
the modern computers, complete FEM calculations still
remain extremely time consuming. In order to improve
the time performances of the FEM simulations, some
approximate methods were developed, specifically
macromodelling (see Gabbay and Senturia, [6]).

Nevertheless, numerical approaches do not allow
analytical analysis of the comb-drive based excitation
systems. Hence problem of creating simple approximate
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approach to analyse the comb-drive based excitation
systems to account for the essential for
micromechanical gyroscopes performances non-linear
effects is addressed in this paper.

Primary oscillations excitation system

Let us first consider operation of the primary
oscillation excitation system. Circuit in the figure 2 can
describe general method of the resonator driving by
means of the comb-drive.
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Fig. 2. Resonator driving principle

Here V| is the voltage applied to stators (fixed
parts) of the comb drive 1 and 2, ¥}, is the bias voltage
applied to the inner moving mass, @ is the phase shift

between voltages applied to the first and second comb
drive. Total electrostatic force acting on the mass along
the X axis in this case can be determined as
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where C; and C, are the capacitances of the comb
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drive 1 and 2 (fig. 2) respectively, x is the displacement
of the mass along the corresponding axis, t is the phase
of the driving voltage ¥]. In case of the symmetrical
and linear comb drives, where capacitances at the tips
dCy/dx = =dC, /dx = dC/dx = const

and the force (1) will become
1 dc
Fe=SlhG+ o) =1 ~i@ -1 1= @)

In micromechanical vibratory gyroscopes we
usually want to have primary oscillations to have
harmonic shape, to make demodulation process as
accurate as possible. We can assume therefore that
7 =Vsin(wt) ,

becomes

are negligible

Vo =V8V . As a result, expression (2)
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dx
It is apparent, that the only parameter capable of
affecting the shape of the excitation force is the phase
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shift ¢ between voltages on the comb-drives. Let us
determine this phase shift from the maximum efficiency
criterion. If the driving force does not depend on the
displacement x, efficiency of the comb drive can be
evaluated as

2n
PV.,0)= [[F (nf dt
0

(4)

g(l +8512 + cos(@)) sinz[gj x

2
X [Vz ﬂj .
dx

Graph of the efficiency (4) is shown in fig. 3.
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Fig. 3. Comb-drive efficiency

Analysing graph in Fig. 3, one should clearly see
different optimal modes of excitation corresponding to
different values for bias voltage 3V . Let us identify
these modes.

Maximum efficiency values for the phase shift ¢

and the voltage ratio 8) as a parameter can be

determined from the following equation

dP(8V,p)
ek 5)

Solving equation (5) yields maximum efficiency phases
given by the following equations:

0= (48V2 +cos)sing =0.

¢ = arccos(—40 Vz) , (8 <%),

@=n48V2%L ©6)

T
==,(8V =0).
®= ( )

Efficiency plot for the maximum efficiency modes
given by the different bias voltages in expressions (6) is
shown in Fig. 4.

It is apparent that there are two different optimal
phase shifts for different values of the bias 6, leading
to the two essentially different driving modes for the
primary excitation: without bias voltage (grounded
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mass), and with bias, which is larger then a half of the
driving voltage amplitude.
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Fig. 4. Efficiency at different bias voltages
(solid — 8V = 0.5, dashed — &V =0)

Total electrostatic forces acting on the mass in
these modes will be determined by means of the
following formulae

()

Here D(t) is the driving function, which is different for

dC
F,=D(t)——.
x = DO—-

the two modes and can be calculated as

1

D(t) =2V 28V sin(wt), 8V > >

(®)

VZ
D(t) = TCOS(Q,(DI) , oV =0.

It has to be noted that “biased” mode (8V >1/2) results
in a larger driving force (higher efficiency) comparing
with “grounded” mode (87 =0). At the same time,
driving force in the “grounded” mode will actuate with
doubled frequency regarding to driving voltage
frequency (see fig. 5).

This effect of doubling frequency leads to
possibility to separate excitation voltage from the
sensing in the frequency domain. As a result, better
signal to noise ratios can be achieved.

Comb-drive capacitance

During all derivations presented above it was
assumed that force doesn’t depend on mass
displacement. It means that dC/dx ~ const, which is

almost true for the small displacements. But in some
applications of the comb drives it is necessary to
achieve large displacement of the mass. The latter is
often the case with the micromechanical gyroscopes,
when higher amplitude of primary oscillations leads to
higher sensitivity to the angular rate. In this case
capacitance derivative is no longer constant and
depends on displacements in a non-linear way.
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Fig. 5. Driving force in different modes
(solid — “grounded” mode, dashed — “biased” mode)

Let us calculate capacitance for the comb structure
cell that is shown in fig. 6.
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Fig. 6. Elementary comb-drive cell

There are four basic capacitances in this structure:
Cjy and C;, - between stator (/=1) and mass (i=2) in
the X and Y direction respectively. Other dimensions are
L;, B; and H - length, width and height of the comb-
drive finger. Initial position of the mass in the shown
reference system will be defined by means of four gaps
G, and G;, . If displacement of the mass relatively to
stator will be defined by two variables x and y then

corresponding capacitances will be

ESOBIH ESOBzH
1x —X 2x —X ©)
c _880(L0 +x)H c zaso(Lo—x)H
YT Gy YT Gy -y
1y tr 2y Y

Here L, is the initial overlapping length, such as
Ly =1Ly =Gy =L = Gy

Total capacitance between mass and stator will be
a sum of all capacitances:

C(x,y)=Ciy +Cy + Cly + C2y =

(10)
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Here n is the total number of the elementary cells in the
comb drive. Such capacitance will be no longer linear
function of the displacements. Dependence of the
capacitance from the displacements in x direction is
presented in fig. 7.
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Fig. 7. Capacitance as a function of x and y displacements

Apparently, for large displacements both along x and y
coordinates we observe non-linearity in the capacitance,
given by the expression (10). In Fig. 8 one can see the
section of the graph in Fig. 7 along the x axis.

X, [pm]
Fig. 8. Capacitance of the comb-drive
(solid — non-linear, dashed — neglecting tip width)

dashed the “linear”

capacitance, where tip widths B, and B, in (10) were

Here line corresponds to

neglected (set to zero). From this graph one can see that
“linear” capacitance approximation is noticeably
different from the actual one.

With respect to (10), capacitances C; and C, in
(1) for the symmetrical comb drive will be

Ci(x,y)=Clx.y),
Cy(x,y)=C(-x.y),

and hence correspondent derivatives for the force (1)
can be represented as follows
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ﬂ = Hn880|: 1 + B, >+
X (Glx - x) (G2x - x)
1 1
Gly +y G2y -y
(11
_dC2 =—Hneg By + B +
dx (Glx + x) (G2x + x)
1 1
+ + .
Gly +y GZy _y:|
Substituting in (1) derivatives with respect to

displacement in y direction allows to calculate forces
acting along Y axis as well. Corresponding derivatives
are

ﬂ: | 1 3 1 ]
Hneg (LO +x (G2y - y)z (Gly N y)z )
- S (12
ac, _ 3 1 B 1
3 HnssO(LO X _(Gzy - y)z (Gly . y)z | .

Considering (12) one can see that displacements in the
x direction will result in changes of the force in
y direction as well. For some applications, such as

comb driven micromechanical gyroscopes with double
folded proof mass suspension, this will cause significant
bias.

What else is important to note, is the absence of
the overlapping length L, in the expression (11). This
means, that actuation force does not depend on the
overlapping length, while it is still present in the side
force derivatives (12). From this point of view,
introducing overlap diminishes influence of the primary
oscillations on the quadrature mass motion.

Excitation forces with non-linear
capacitance

Let us consider force in the x direction for the
non-linear capacitance comb drive. For the small
displacements in x direction we can approximate
derivatives in (11) by linear dependencies

G ~ nHasO(ao + alx),
a ~ —nHeg (ao - alx),
dx
_ B B 1 1 (13)

ap = + + ,
Glzx Gzzx Gly+y GZy_y

Glx G2x

Thus net force acting on the mass in case of harmonic
excitation with respect to (1) and (13) will be



Journal “Military Technical Collection”, No. 2(5), 2011, pp. 130-135

_nH V2880
2

—(ap — a;x)(BV — sin((ot))z]

Results of the efficiency analysis of the non-linear comb
drive are similar to those considered above. Graph in
Fig. 9 demonstrates accuracy of the approximation (13)
in comparison with the more accurate expressions (11)
with respect to the sum of the capacitance derivatives
for both comb-drives.

F,

. (ag +a;x)BV —sin(or + @) -
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Fig. 9. Capacitance derivatives approximation
(solid — non-linear derivative, dashed — linear
approximation)

One should certainly note that the accuracy of the linear
approximation is quite limited to the relatively small
displacements.

Again there will be two optimal modes with the
same phase shift. For the “biased” excitation mode

F, = nHV e[ 2aodV sin(or) +

s (15)
+ a1 (V" +sin” (ot))x],
and for the “grounded” mode
2
F. =W%[a1x+ao cos(2oot)]. (16)

It has to be noted that for the biased excitation with
large voltage ratio 8/ non-linearity of the capacitances
will cause significant natural frequency shift that cannot
be neglected for some applications. In order to reduce
influence of the non-linear effects it is necessary to
increase gaps in the x direction in comparison with the
corresponding displacements.

Linear in terms of the displacement x force
essentially perturbs the natural frequency of the primary
oscillation mode. For the “grounded” mode force given
by the (16), the natural frequency receives a constant
shift as

2
k*z\/kZ_M, (17)
2m

where £ is the initial natural frequency related to the
spring constant of the elastic suspension, m is the mass
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of the sensitive element. Actual force acting on the
sensitive element is shown in Fig. 10.

In case of the “biased” mode force (15), the natural
frequency will be variable in time:

2 2
by =| k2 =MV TER0 52 G2y | T (18)
m

Actual force in significantly non-linear mode for
the “biased” excitation mode is shown in Fig. 11.
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Fig. 10. Actual force acting on the sensitive element in the
“grounded mode”
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Fig. 11. Actual force acting on the sensitive element in the

“biased mode”
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Although forces in the figures 10 and 11 are far
from being harmonic, after they are applied to the
spring-mass-damper system of the sensitive element, the
resulting oscillations are not that much different from
the harmonic shape. This is the result of the natural
filtering properties of the oscillator. Nevertheless, if
almost ideal harmonic excitation is desired, the gaps
between tips of the combs G;, must be chosen 3-5

times larger than the expected amplitude of primary
oscillations, and excitation frequency must be adjusted
according to the (17) and (18).

Conclusions

In the presented above research of the comb-drive
based primary oscillations excitation system for
micromechanical ~ gyroscopes  relatively  simple
mathematical model of the system has been developed.
Based on the developed model, two essentially different
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30ynskeHHsI MEPBHHHUX KOJIMBAaHbL B MiKpoMexaHiYHUX BiOpauniiiHux ripockonax
B. O. Anocromox

B yiii cmammi 6yno po3pobieno ma 8uU8UEHO MAMeMAmuyHi Mooeli eleKmpoCmamuidHo20 2pediHuamozo 08UsyHa, KU
WUPOKO BUKOPUCTNOBYEMBCSL Y 0A2AMBOX MIKPO-ENEKIMPOMEXAHIYHUX CUCEMAX Ma CUCMeMax 30Y0XHCeHHs NEPEUHHUX KOTUBAHb
ona mikpomexaniunux gibpayitinux eipockonis. Ilpedcmasneno npocmy mabaudiceny mamemamuyny mooenb 05l EMHOCHeN ma
ENKMPOCMAMUYHUX CUTL OTFOYUX Y 3YCMPIMHO-UMUPLOBUX CIMPYKIMYPAX, KA NPUBENd 00 3HAXOONCEHHS ONMUMATLHUX DENCUMIE
pobomu cucmemu 36y0dcenns. Ha ocnogi ananizy nenimitinux emHocmeil 6y10 cghopmyibo8ano pekomeHOayii 00 npoeKmysanHs
epebinuamux cmpykmyp. Ompumana mooensb 00380JI8€ aAHANI3Y8aAmuU He MITbKU JIHIUHI, ane | HeliHilHI peHomenu y @izuyi maxkux
cmpykmyp. I[Ipedcmasnena mamemamuuna mooenb OOCMAMHbO NPOCMA, W06 il 8UKOPUCIIOBY8ATU 3AMICMb HOMPEOYI0U020
bazamo yacy yuceibHo20 MOOeN08aAHH S, A MAKOJIC 05l NOOATLUO20 NOKPAUWEHHS XAPAKIMEPUCIUK MIKDOMEXAHIYHUX CEHCOoPIS.

Knrouoei cnosa: mikpomexaniunuii 2ipockon, epebinuamuil 08UsyH, HeliHilHa Qizuxa, cucmema 30Y04CeHHsL.

Bo30yx1eHne nepBUYHbBIX K0JIe0aHHI B MUKPOMeXaHUYeCKHX BHOPALIMOHHBIX THPOCKONAX
B. A. Anocrosmok

B omoii cmamve 6buiu pazpabomanvl U U3YHEHbl MAMEMAMu4ecKue MoOelu INeKmMpOoCmMAmuU4ecKo20 2pebeHuamozo
ogueamers, KOMOPbIl WUPOKO UCHOTIB3YEMC 80 MHOSUX MUKDO-DNEKMPOMEXAHUYECKUX CUCTNeMAX U CUCEeMAax 8030ViCcOeHUs
NEPEUUHLIX KONeOAHUll 0Nl MUKPOMEXAHUYECKUX 2upockonos. IllpedcmasieHo npocmyio NpuOIuUdNCeHHYI MAamemMamuiecKyo
MOOensb 01 eMKOoCmell U IeKMpoCmamuieckux cui 0eticmsayiouux 80 CMPEYHO-UMbIPESbIX CMPYKNYpax, KOmopas npusena K
HAXOHCOEHUIO ONMUMATBHBIX DeXHCUMO8 pabomul cucmemsl 6030yocoeHus. Ha ocnose amanuza uenumeliHvix emxocmeu Obliu
chopmynuposarvl pekomeHoayuu K npoeKmuposanuio epebenuamolx cmpykmyp. Ilonyyennas mooens no3eonsiem aHaiusuposams
He MOAbKO JUHElHble, HO U HelUuHellHble (heHoMeHbl 8 uzuxe maxux cmpykmyp. Ilpedcmagnennas mamemamuieckas mMooeisb
00CmMAamoyHo nPoOCmasl, 4Mmodbl UCHOTL3I0BAMb ee BMECTNO 3AHUMAIOUEe20 MHO20 8PEMEHU YUCTEHHO20 MOOTUPOBAHUs, A MAKICEe
0711 OanvHelue2o Y1y ueHus Xapakmepucmux MUKPOMEXAHULECKUX OamYUKO8.

Knrouesvie cnosa: mukpomexanuueckuii 2upockon, zpebenyamolii 0gucamend, HeluHelnas usuka, cucmema 8030yHcoeHusl.
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