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Introduction

Incidence angle is an important concept, as aircraft wings stall when angle
of attack gets too large, at a value known as the “critical” incidence. As pilots
are taught in flight training, an aircraft can stall at any speed if this critical angle
of attack is exceeded. Hence, a great way to avoid stalls is to not let the angle of
attack reach critical, and the best way to avoid critical angle of attack is to know
value of this angle in the first place.

There are two basic approaches of increasing accuracy of flight
parameters measurements. First is to use more accurate sensors and cost of it
becomes prohibitively large. An alternative approach, which has received much
attention in recent years, is known as integrated systems [1]. This technique
employs some additional source of information, external from the given system,
to improve the accuracy of the incidence angle measurement system. Careful
selection of fundamental characteristics leads to low cost, but potentially very
accurate.

In this paper we suggest that the incidence value is obtained from two
independent sensors: pitot tube and accelerometer. To reduce measurement
errors, the stationary optimal multidimensional filter will synthesized.

Problem formulation

Main goal of this paper is to synthesise optimal stationary stochastic
multidimensional filter to combine output signals from pitot tube and
accelerometer to produce accurate measurement of an aircraft incidence angle.
In order to achieve this task appropriate mathematical models of both sensors
must be developed and then combined together using optimal filter, synthesised
using Wiener approach.

Pitot tube and accelerometer models

The pitot tube is mounted on the aircraft so that the center tube is always
pointed in the direction of travel and the outside holes are perpendicular to the
center tube. Since the outside holes are perpendicular to the direction of travel,
these tubes are pressurized by the local static air pressure with practically no
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effect from the movement of the aircraft. The center tube, however, is pointed in
the direction of travel and is pressurized by the total of the local static air
pressure and air pressure coming from the movement of the aircraft (air
velocity). The pressure transducer measures the difference in total and static
pressure.

Using Bernoulli's equation, aircraft velocity (airspeed) with help of pitot
tube can easily be measured:
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Here r is the air density, v is the velocity, p, is the total pressure, p_is

the static pressure. The main approach of constructing the pitot tube based
sensor is incorporating two perpendicular located pitot tubes. One of which
measures V_ and another V. (Fig. 1). Where V_ and V., are the components of

total velocity vector V.
The following is the representation of the incidence angle calculation:

o = arctan—.

The second element of integrated system of incidence angle measurement
i1s accelerometer, which measures vertical acceleration a. of the aircraft.

Vertical acceleration is directly proportional to the incidence angle. This relation
is given by the following expression:
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Fig. 1. Body (0xpybzp) and wind (0XyywZy) reference systems
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Here a. is the vertical acceleration, L is the lift, W 1s the airplane weight, C L 1S

the lift coefficient (airplane) for zero incidence angle, C, =0C, [Oa is the

variation of airplane lift coefficient with incidence angle, g is the airplane
dynamic pressure.

Integrated system synthesis

Structure of the integrated system of an incidence angle measurement is
shown in Fig. 2.
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Fig. 2. Integrated system of incidence angle measurement

Here motion of an aircraft is characterizes by the matrix W and noise y
[2]; K, 1s the transfer function of pitot tube system, ¢, is the pitot tube system
sensor noise, S is the power spectral density of pitot tube system noise, K, is

the transfer function of accelerometer, ¢, is the accelerometer sensor noise,
S,.., 18 the power spectral density of accelerometer sensor noise, r is the input

signal (in given case incidence angle signal), S is the power spectral density of
input signal.

Power spectral density of the input signal » calculated as white noise,
which “colored” by control object. Applying Weiner-Khinchine theorem, we

obtain
2

S =W(s)xS, xW.(s) = W(s)x 2 x W (=s).
I
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Here “*” designates Hermite conjugate, S, =— 1s the power spectral density of
T
a white noise; W (s) is the transfer function of the aircraft, which after the short

period approximation [3] can be represented as:

1
s +200s + 0
The power spectral densities of sensor noises ¢, and ¢, are determined

W(S) =

as:
2
cSl 2
S =K xS.xK =—xK
P10 1 8 1* . 1o
2
GZ 2
S =K. xS.xK.. =—2xK
0 2 8 2% T 2

L)

where K, can be represented as:
1

s> +20,m,5+ @
Let us introduce new variables defined as follows:

K, (0}
K, 0,
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The power spectral densities of p, and ¢, (assuming, that signals ¢, and
¢, are not correlated and cross spectral densities are zeros) defined as:

S! — |: LS’:rI<12 Kl Sr,rK2:| S! — |:S(:)1(Dl S(:)Z(Dl :| — |:S(:)1(PI 0 :| (2)
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We calculate matrix D, D,, as follows:

DD,=S _ +S —(a Z], 3)

PoPo PoPo -

where
K 12 5’

(s +2C0s + 0 )(s* —2C0s + ®*)

a=K3 +
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Factorization of the matrix (3) by the Davis method combine with method
of undetermined coefficients results in the following expression:

D 9) Yl al bl (4)
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During factorization was designation as follows:

0,
Yo=YV, =

And taking into consideration that 6 << o, and o <<, we can assume
that y, = y,. Considering that

@, =(K" 0),
and substituting (2) and (4) into the following equation
T=T,+T +T = F*’IM*R’IR(DOS;O%DO’: , (5)

after execution operation of separation of matrix (5) we can calculate the filter
matrix G, by the formula [3]:
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G, =T (T, +T.)D,".
For the real plant with transfer function
w(s)= ; 1 3
s°+1.988s+8.0656
and for the accelerometer given by (1) we use numerical values
¢, =0.707, o, =1000Hz .
finally the matrix of filter G, will be

7T
Go :g<az bz),
where
186.601s+35189.9

a, = ; ;
K, (s* +375.19s+70388)
0.186601s’ +299.043s> +236.359s+3.51899-10°

b

2

(s* +375.198* + 703885 + 0.070388)

To verify performance of the estimator, which was obtained using linear model,
in real conditions, we conduct numerical simulations. The results of simulation

are represented in Fig. 3, Fig. 4.
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Fig. 3. Result of simulation (general system)
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Fig. 4. Relative error (general system)

From graphs in Fig. 3 and 4 one can see that incidence angle measurement is
significantly improved by means of signal integration.

Simplified integrated system

Let us consider simplified model of accelerometer and find the matrix G
using the same algorithm, described above.

Power spectral densities of sensor noises ¢, and ¢, are determined as
62
S . =K xS xK, =—xK_,
PPy
T
2
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Matrix D,D,. is then calculated as follows:
c_z{Kf(mWr) KK }
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After factorization of the matrix (6) by the Davis method results in
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Matrix of filter G, will be following:

Here
186.601s+35189.9
K, (s* +375.195+70388)’
186.601s+35189.9
K, (s> +375.19s+70388)’

The results of the corresponding numerical simulation are represented as
graphs shown in Fig. 5 and 6.
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Fig. 5. Result of simulation (simplified system)
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Fig. 6. Relative error (simplified system)

Comparison of systems performances

Let us compare performance of the general and simplified integrated
systems. The relative errors of these systems are shown in Fig. 7.
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Fig. 7. Relative error (comparison of general and simplified systems)

Here one can see, that simplified system still delivers performance comparable
with more complicated design.
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Conclusions

Presented above synthesis of the stationary multidimensional filter
resulted in integrated system capable of improved incidence angle measurement
by means of combining pitot tube sensors system output with the output of the
normal accelerometer. Excellent performance of the developed systems is
demonstrated by numerical simulations in real world conditions.

The further analysis of the application of Kalman Filtering to synthesis
integrated system for incidence angle measurement is viewed as a possible
future development of the current research.
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