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Introduction

Coriolis vibratory gyroscopes (CVGs) received significant amount of
interest from the both scientific and engineering communities due to the
possibility to fabricate sensitive elements of such gyroscopes in miniature form
by wusing modern microelectronic mass-production technologies. Such
gyroscopes are frequently referred to as MEMS (Micro-Electro-Mechanical-
Systems) gyroscopes. Being based on sensing of Coriolis acceleration due to the
rotation in oscillating structures, CVGs have a lot more complicated
mathematical models, comparing to the conventional types of gyroscopes. One
of such complication is a result of the useful signal proportional to the external
angular rate being modulated with the intentionally excited primary oscillations
[1-3]. From the mathematical modelling point of view, this leads to necessity to
“demodulate” the solution in terms of the sensitive element displacements to
obtain practically feasible insights into CVG dynamics and errors. From the
control systems point of view, conventional representation of CVGs
incorporates primary oscillation excitation signal as an input to the dynamic
system, and unknown angular rate as a coefficients of its transfer functions [3].
As a result, dynamics of CVGs has been analysed mainly in steady state, while
transient process analysis has been omitted due to its apparent complexity.

This paper describes new method of CVG dynamics analysis by means of
complex amplitude-phase variables, which enables having angular rate as an
input to the dynamic system, and conducting proper transient process analysis
without any additional demodulation.

Problem formulation

In the most generalized form, motion equations of the CVG sensitive
element both with translational and rotational motion could be represented in the
following form [4]:

{Xl + 28, k%, + (k12 - dlgz))ﬁ + g0, + d3Qx2 = %(t)’ (1)
X, +2C,k,%, + (kz2 - dzgz)xz — g, - Qxl = %(t)'
Here x, and x, are the generalized coordinates that describe primary (excited)
and secondary (sensed) motions of the sensitive element respectively, & and %,
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are the corresponding natural frequencies, {, and (, are the dimensionless
relative damping coefficients, Q is the measured angular rate, which is
orthogonal to the axes of primary and secondary motions, ¢, and ¢, are the
generalized accelerations due to the external forces acting on the sensitive
element. The remaining dimensionless coefficients are different for the sensitive
elements exploiting either translational or rotational motion. For the translational
sensitive element they are d,=d, =1, d,=m,/(m, +m,), g =2m,/(m +m,), g, =2,
where were m, and m, are the masses of the outer frame and the internal
massive element. In case of the rotational motion of the sensitive element, these
coefficients are the functions of different moments of inertia (for greater details
see [4]).

In the presented above motion equations, the angular rate is included as an
unknown and variable coefficient rather than an input to the double oscillator
system. In order to identify the angular rate one must detect secondary
oscillations of the sensitive element and measure its amplitude, which is
approximately directly proportional to the angular rate, and phase, which gives
the sign.

In order to make the equations (1) suitable for to the transient process
analysis we must make the following assumptions: angular rate is small
comparing to the primary and secondary natural frequencies so that

k> >>d Q% k; >>d,Q° )
and rotational and Coriolis accelerations acting along primary oscillation axis
are negligible in comparison to the accelerations from driving forces

g2, +d S, <<gq, (t) (3)
Taking into considerations assumptions (2) and (3), motions equations (1) could
be simplified to the following form:

{5&1 +28 kX, + klx, = q, (t), 4
X, + 28,k %, + Ky x, = g, Q0% + (. @
Here we also assumed that no external driving forces are affecting the secondary
oscillations, which means that ¢,(r)=0. System of equations (4) is now perfectly

suitable for further transformations towards the desired representation in terms
of the unknown angular rate.

Amplitude-phase motion equations

As has been shown in [5], by means of a proper chosen phase shift of the
excitation voltage applied to the sensitive element, the excitation force could be
shaped to the perfect harmonic form. Using exponential representation of
complex numbers, such a driving force ¢,(¢) could be represented as

a,(t)= g, sin(o?) = Im{g,,e’} . (5)
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Here o 1s the excitation frequency given in radians per second, ¢, is the
constant excitation acceleration amplitude. Non-homogeneous solutions of the
motion equations (1) or (4) for primary and secondary oscillations are searched
in a similar form

X (t)=Im{4,(0)e™}, A(t)= Ay ™",

X, (t) =Im{4,()e™}, 4, (t) = Ay ()™, ©)
where 4, and 4,, are the primary and secondary oscillation amplitudes, ¢,, and
¢,, are the corresponding phase shifts relatively to the excitation force.

Although these quantities are real (non-imaginary), they are combined in
complex amplitude-phase variables 4, and 4, .

Substituting expressions (5) and (6) into equations (4) results in the
following motions equations in terms of the complex amplitude-phase variables
rather than real generalized coordinates:

{Al +2(C,ky + jw)A1 + (k12 —o’ + 2jokC)A = gy, 7

Az +2(G,k, + j(’))Az + (kz2 -+ 2jok,C,)4, = (jog,Q +Q)Al + gZAIQ' @
Equations (7) describe variations of the amplitude and phase of the primary and
secondary equations in time with respect to the unknown non-constant angular
rate Q(r). This allows conducting analysis of the Coriolis vibratory gyroscope
dynamics without constraining the angular rate to be constant or slowly varying.

Analysing system (7), one can see that the first equation can be solved
separately from the second one. After homogeneous solutions of the first
equation faded out, only non-homogenous solution remains. In this case,
amplitude of the primary oscillations is

_ 10
4= ki —o® +2jkC o’ (®)
and it is constant in time, yielding 4, =4, =0. Indeed, most of the time
measurements of the angular rate are performed when primary oscillations have
already settled. As a result, only equation for the secondary oscillations remains,
in which the complex primary amplitude 4, is just a constant parameter given

by (8):

A, + 28k, + jo) A, + (k] — o +2 jok,C,) 4, = (jog,Q+Q)4, . 9)
Equation (7) now describes amplitude-phase of the secondary oscillations with
respect to the settled primary oscillations.

System transfer functions

Having CVG sensitive element motion equation in the form (9), allows
analysis of its transient processes in amplitudes and phases with respect to
arbitrary angular rates applied to the system. Application of the Laplace
transformation to the equations (7) with respect to zero initial conditions for all
time-dependent variables results in the following expressions:



Mechanics of Gyroscopic Systems, 2009, No. 20, pp. 64-74

[(s+ jo)* + 28,k (s + jo) + k514, (s) = Als + jg,0]s). (10)
Solution of the algebraic equation (10) for the secondary amplitude-phase
Laplace transform is
_ A4 (s + jg,0)
4= (s + jo)* + 28k, (s + jo) + k? s). (11)
Considering the angular rate as an input, the system transfer function for the
secondary amplitude-phase is

W,(s) =2 As + jg,0) -
> Q) (s+ jo) +20,k, (s + jo)+k 12
G, (s + jg,m) ( )

s+ o) + 200k (s + jo) + 1K~ +2jok ]
One should note that transfer function (12) has complex coefficients, which
results in the complex system outputs as well. Although it is somewhat unusual,
it still enables us to analyse CVG dynamics and transient processes due to the
angular rate in an open-loop dynamic system.

Amplitude and phase responses

In order to calculate the amplitude response of the system using transfer
function (12), Laplace variable s must be replaced with the Fourier variable i,
where A is the frequency of the angular rate oscillations:

, J90 (M + g,0)
T G G 07 27kt DI 07 + 2jalk] (13)
Absolute value of the complex function (13) is the amplitude response of the
secondary oscillations amplitude to the harmonic angular rate, and the
corresponding phase of the complex function is the phase response:
A = qi,(A + g,0)
VI =+ @) + 4023 00+ 0) T — o) +4C7 K 0’]

[k; — (A + 0)’ ][k — ©*] - 4k kG, 5,00 + ©) (14
kG (A + 0)(K = 0°) + ko = (O +0))] ]

One should note that, assuming constant angular rate (A =0) in the expressions
(12) the well known expressions ([5]) for the amplitude and phase of the
secondary oscillations is obtained.

Analysis of the expressions (12) shows that effect from the oscillating angular
rate is practically equivalent to shift of the excitation frequency by the frequency
of the angular rate. This causes CVGs, especially those with high Q-factor, to
loose its resonant tuning, which in turn results in significant variation of its scale
factor (dynamic error). Solution of this problem by means of proper choice of
natural frequency split and damping has been suggested in [6].

o(L) = tanl{
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Stability and transient process optimisation

Both stability and unit-step transient process quality depend on position of
the system poles in the real-imaginary plane. Poles of the transfer function (12)
are as follows:

S1,2 =-k,C, * jk, 1—@; -Jjo, (15)
Analysing expressions (15), it is easy to see that CVGs are inherently stable.
Indeed, if the relative damping coefficient £, <1, then real parts of the poles are

—k(,<0. If the relative damping coefficient ¢, >1, then real parts are

—kz(Czi\/Cf—l)<O.

Ideal (half-oscillatory) wunit-step angular rate transient process in
secondary oscillations amplitude is achievable if imaginary parts of the poles

(15) are zero. One pole has large imaginary part —k,4/1-C; —o<0, which is
always way below zero, and corresponds to high frequency oscillations in the
envelope. The second pole is responsible for the low frequency oscillations, and
is the most essential for the transient process. For this pole the ideal transient
process condition has the following form:

o 1-8 —0=0= k, =—=

=g
For example, if primary oscillations are excited in pure resonance for better
sensitivity (see [5]), equation is transformed to

_, 128
k, =k /l—ci . (16)

As a result, in order to provide ideal transient process for the secondary
oscillations amplitude, one should design sensitive element of CVG with the
natural frequency of the secondary oscillations according to (16).

Another important performance feature of a system transient process is its
settling time, which is defined by the real part of the system poles and can be
approximated as

__In(e)
kZQZ .
Here ¢ is the error tolerance (¢=0.01 for 1% tolerance). From this dependence
one can see, that in order to minimize settling time, denominator k,{, must be
maximised. Since sensitivity of CVG is inversely related to its natural
frequencies (see [5]), reducing its damping along with the natural frequencies
will increase its transient process settling time.

Case of slowly varying amplitude

Another consequence of the presented above analysis of the system poles
and its transient process is that actual amplitude of the secondary oscillations is
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mainly defined by the low frequency pole, while effect from the high frequency
pole can be neglected, since it will be removed during demodulation process. In
other words, predominant behaviour is a slow variation of the amplitude and
phase. Neglecting the second order derivative in the equation (9) yields

2ok, + jo) Ay + (k= 0" + 2j0k,C,) A, = (jog,Q+ Q)4 (17)
and the corresponding angular rate transfer function becomes
Gy (5 + jg,®)
W.(s) = X
) S kst k= 420Gk, + 9)]IK =+ 2jok ] (18)

Single pole of this transfer function is
k; — o +2jod,k k; + o’ ko-2k00-o
-t I g R RS e (19)
Gk, + jo) 2(C5k; + @7) 2(Cok; + @)
Ideal unit-step transient process achieved when imaginary part of the (19) equals
to zero, which in turn gives

w= kz 1_2C§ ’ (20)
which is the eigenfrequency of the secondary oscillations. However, as it has
been mentioned earlier, better sensitivity is achieved when the sensitive element

is driven in the primary resonance, which means o= k,4/1-2¢; . In this case

_, 128
k, =k /1—2§§ . Q1)

Although this formula i1s somewhat different from the obtained earlier
dependence (16), actual values are quite close. If the secondary natural
frequency is chosen accordingly to (21) then pole (19) becomes

fl -207
8, =~k G, ﬁ =—k,C, . (22)
Obviously, unit-step settling time is still given by the expression (16), and all the
hints to the settling time minimization remain the same.

Real and imaginary transfer functions

While simulating dynamics of CVG based on the complex amplitude-
phase transfer functions (12) or (18) one could have problems dealing with
complex coefficients of these transfer functions. One way to avoid this problem
is to consider real and imaginary parts of complex amplitude as separate signals,
which are then combined together to produce real amplitude and phase. In order
to obtain transfer functions for such signals let us represent primary and
secondary amplitudes as:

A=A+ jAy , A = Ay + JA,, (23)
Primary oscillations components can be easily found by means of substituting
expressions (23) into (8)
o (ki — ) _ 24, jOkG,

Ay = , A, =— .
-t 4T T (K - 0®) + 4K o’ (24)
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At the same time, substituting expressions (23) into the motion equation (9), and
applying Laplace transformation gives

(k22 -’ + 2k,C,s + Sz)Azk —20(k, G, +5)A4,; = (Aps — 4,8,0)Q,
{(kj — 0" +2k,C,5+ 57) Ay +200(kyC, + 8) Ay = (Ayys + A2, 0)Q
Resolving algebraic system (25) with respect to unknown real and imaginary
parts of the secondary complex amplitude yields
A — AIRMRR (S) + AIIMR[ (S) Q A — AIRM[R (S) + AIIMH (S) Q
" P(s) C P(s) '
Here the numerator polynomials from the real and imaginary parts of primary
amplitudes are given by the following expressions:
M (s) = S(kz2 +2k,C,5 + s )— o’ (s - 2g,(s +k,C,))
My, (s) = o[2s(s + k,C,) — gz(kz2 —o’ + 2k,C,s + sH1,
M,(s)= 2(’32g2 (s +k,C,)+ S(kz2 —o’ + 2k,C,s + s, (27)
M (s)= w[gz(kzz —o’ + 2k,Cys + s*)—2s(s + k,C,)]-
P(s)=4(s +k,C,) 0" + (k; —o” +2k,(,5 +57)
One should note that if primary oscillations are excited at the primary natural
frequency (o =%, ), then

(25)

(26)

90
A, =- , A,=0,
1 2k12C1 IR (28)

and two out of the four transfer functions (27) become unnecessary.

Finally, there is quite an important case, when complex transfer functions
transform to the simple real one. Assuming equal primary and secondary natural
frequencies (&, =k, = k), damping ratios (¢, =&, =¢ ), resonance excitation, and
constant angular rate, one can easily obtain

Ay (s) = AzzR + Azzl = % . (29)
Although this case appears to be very specific, it still approximates transient
process of a “tuned” CVG with accuracy suitable for most of the applications.

Numerical simulations

In order to obtain the most realistic transient process, a non-linear model
of CVG has been implemented based on the equations (1) with neglected
centrifugical accelerations according to (2) and added synchronous demodulator
(see figure 1). This model is used to verify output produced by the complex
model based on the real and imaginary transfer functions (26) and (27) (shown
in the figure 2).

Simulation results for these to models are shown in the figures 3 and 4,
where solid line corresponds to the complex model output, dotted line
corresponds to the “realistic” reference output, and dashed line shows the input
angular rate.
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(k, =1000m, k, =1.05k,, &, =C, =0.025, o=k, )
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Fig. 4. Optimised transient process
(k, =1000m, k, =0.987k,, ¢, =C,=0.025, o=k, )

In the first case, transient process for the non-optimised CVG is shown,
expressing significant overshoot and clear oscillatory behaviour. In the second
case secondary natural frequency is chosen according to (16), which resulted in
half-oscillation transient process as expected.

From the graphs in the figures 3 and 4, one can see that “realistic”
transient process is somewhat different from the “complex” one. This is believed
to be the result of demodulating with the fixed phase shifted signal, while the
actual phase shift varies in time. At the same time, “complex” output is much
closer to the real secondary oscillations envelope, than the demodulated
“realistic”.

Conclusions

Presented above analysis of CVG dynamics using amplitude-phase
complex variables resulted in obtaining system transfer functions, where
measured angular rate became an input rather than a parameter. This made
possible to analyse amplitude and phase responses of CVG and its transient
processes in already demodulated signals. As a result, conditions of the optimal
transient process have been obtained along with formula for its performances
calculation. Excellent performances of the obtained transfer functions have been
demonstrated using numerical simulations.

References

1. Friedland B., Hutton M. F. Theory and error analysis of vibrating-member
gyroscope // IEEE Transactions on Automatic Control, no. 23, 1978, pp. 545-
556.



Mechanics of Gyroscopic Systems, 2009, No. 20, pp. 64-74

2. Lynch D. Vibratory gyro analysis by the method of averaging // Proc. 2™ St.
Petersburg Conf. on Gyroscopic Technology and Navigation, St. Petersburg,
1995, pp. 26-34.

3. Apostolyuk V., Tay F. Dynamics of Micromechanical Coriolis Vibratory
Gyroscopes // Sensor Letters, Vol. 2, No 3-4, 2004, pp. 252-259.

4. Apostolyuk V. A., Logeeswaran V.J., Tay F.E.H. Efficient design of
micromechanical gyroscopes // Journal of Micromechanics and
Microengineering, Vol. 12, 2002, pp. 948-954.

5. Apostolyuk V. A. Theory and Design of Micromechanical Vibratory
Gyroscopes // MEMS/NEMS Handbook (Ed: Cornelius T. Leondes),
Springer, 2006, Vol.1, Chapter 6, pp. 173-195.

6. Apostolyuk V.A. Dynamic Errors of Coriolis Vibratory Gyroscopes //
Mechanics of Gyroscopic Systems, no. 19, 2008, pp. 230-239.



Mechanics of Gyroscopic Systems, 2009, No. 20, pp. 64-74

V. A. Apostolyuk, A. S. Apostolyuk

TRANSIENT PROCESS ANALYSIS OF CORIOLIS VIBRATORY
GYROSCOPES

Analysis of the Coriolis vibratory gyroscopes sensitive element dynamics in
terms of the amplitude-phase variables leading to the proper transfer functions
of such inertial sensors is proposed in this paper. Obtained transfer functions are
used to derive expressions for the amplitude and phase response of such sensors,
and to conduct analysis and optimisation of their measurement performances in
terms of transient processes.
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B. O. Anocromntok, O. C. AIOCTOIIOK

AHAJITI3 NIEPEXIJTHUX MPOLHECIB ¥ KOPIOJIICOBHUX
BIBPALIIMHUX I'TPOCKOIIIB

B 1iit cTaTTi mpeAcTaBIeHO aHaJi3 JUHAMIKH Yy TIWBOTO €JIEMEHTa
KopiomicoBux BiOparmiitHuX ripoCKOMiB B aMILUTITyIHO-()a30BUX 3MIHHUX, 110
BeJIe JI0 BUBEJICHHS KOPPEKTHHUX NEpenaTHUX (YHKIIIH TaKUX 1HEPIiadTbHUX
naTaukiB. OTpuMaHa niepenatHa GyHKIIsI BAKOPUCTaHA /I BUBEJICHHS BUPA3iB
JUTSL aMILTITYTHO- Ta (Pa30-9acTOTHUX XapaKTePUCTHK JATYUKIB, Ta OITUMI3aIlii
iX BUMIpIOBJIBHUX XapaKTEPUCTHK HAa OCHOBI aHAJI3y MEPEXiMHUX MPOIIECIB.
KurouoBi cioBa: kopiomicoBuiil BiOpaIiitHu# TipoCcKo, MepexiTHIi IpoIec

B. A. Anocromok, A. C. AIToCTOIIOK

AHAJIN3 INIEPEXO/HbBIX NPOLHECCOB Y KOPHOJIMCOBBIX
BUBPAIIMOHHBIX I'MPOCKOIIOB

B 31001 cTaThe npecTaBieH aHaIU3 IUHAMUKHA YyBCTBUTEIBHOIO SJIEMEHTA
KopuonucoBbix BUOpAITMOHHBIX THPOCKOIOB B aMILIUTY/THO-(Pa30BbIX
MEPEMEHHBIX, KOTOPBIN IMO3BOJISIET MOJIYYUTh KOPPEKTHYIO IEPEAATOUHYIO
(GYHKIUIO TAKUX UHEPIHUATBHBIX 1aTYUKOB. [lonmydyeHHas nepenarounas
(GyHKIMS UCTIONB30BaHa JUIsl TIOTYyYEHUs BBIPAXKCHHM 711 aMILTUTYTHO- U (pa3o-
YaCTOTHBIX XapaKTEPUCTUK AATYMKOB, a TAKKE AJIsI ONTUMHU3ALNHN UX
M3MEPUTENBHBIX XapaKTEPUCTUK Ha OCHOBE aHAIN3a MEPEXOIHBIX MTPOLIECCOB.
KioueBble ¢j10Ba: KOPHOJIMCOBBIN BUOPAIIMOHHBIN THPOCKOII, TIEPEXOTHOM
npolecc



